Abstract: The discovery of lepton flavour violating interactions will be striking evidence for physics beyond the Standard Model. Focusing on the three decays τ ∓ → µ ± µ ∓ µ ∓ , τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± , we evaluate the discovery potential of current and future high-energy colliders to probe lepton flavour violation in the τ sector. Based on this potential we determine the expected constraints on parameters of new physics in the context of the Type-II Seesaw Model, the Left-Right Symmetric Model, and the Minimal Supersymmetric Standard Model. The existing and ongoing 13 TeV run of the Large Hadron Collider has the potential to produce constraints that outperform the existing e + e − collider limits for the τ ∓ → µ ± µ ∓ µ ∓ decay and achieve a branching fraction limit of 10 −8 . With a future circular e + e − collider, constraints on the τ → lµµ branching fractions could reach as low as a few times 10 −12 .
Introduction
In the Standard Model, the Yukawa couplings break the global flavour group G F explicitly to an accidental subgroup G F ≡ SU (3) 5 
. Hence, the model exhibits flavour conservation to all orders in perturbation theory that prohibits any process where charged lepton flavour is not conserved. Despite the immense success of the Standard Model (SM), it does not serve as an adequate description of nature due to its inability to explain the experimentally observed non-zero neutrino masses and mixings, the radiative stability of the Higgs mass, and the existence of dark matter, for which beyond the Standard Model (BSM) descriptions are necessary. Going beyond the SM, the models that successfully explain the above problems often introduce lepton flavour violation (LFV) either at tree-level or via loop-induced processes.
A selection of the interesting models that provide large lepton flavour violation are the various seesaw models [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the Left-Right Symmetric Model (LRSM) [16] [17] [18] [19] , and the Minimal Supersymmetric Standard Model (MSSM) [20] [21] [22] . In the seesaw framework, small Majorana masses of the light neutrinos are generated from the dimension-5 operator LLHH/Λ [23, 24] through electroweak symmetry breaking. The high-scale theory contains a plethora of new particles, such as an extended neutrino sector for the Type-I [1] [2] [3] [4] [5] , Type-III [10] and inverse seesaw [11] [12] [13] [14] [15] models, and an extended scalar sector for the Type-II Seesaw Model [6, 7] . In the LRSM [16] [17] [18] [19] , the model contains both extended neutrino and Higgs sectors, and the light neutrino masses are generated via a combination of Type-I and Type-II seesaw mechanisms. The non-trivial interactions of the heavy neutrinos or scalars with the SM charged leptons allow for a priori unsuppressed LFV interactions in these theories. In the MSSM, the large LFV is introduced by the non-diagonal slepton mass matrices. The large LFV rates of these new particles can be tested at present and future colliders. Hence, experimental evidence for a non-zero LFV rate will serve as striking evidence for the existence of physics beyond the Standard Model.
The existing experimental constraints for LFV in transitions between the first and second generations are quite tight: BR(µ → eγ) ≤ 5.7 × 10 −13 at 90% confidence level (C.L.) as reported by MEG [25, 26] , and BR(µ ∓ → e ± e ∓ e ∓ ) ≤ 10 −12 at 90% C.L. [26, 27] . Lepton flavour violation in τ lepton decays is much less constrained: BR(τ → lll) 10 −8 at 90% C.L. [26] , allowing for rather large flavour violating couplings. Considering lowenergy models, one can avoid the stringent constraints from the LFV processes involving the first and second generations. The recent excess in h → τ µ reported by CMS [28] , as well as a smaller excess by ATLAS [29] , spurred further interest in collider studies of flavour-changing neutral interactions in decays of the Higgs boson and the τ lepton [30] [31] [32] [33] [34] [35] [36] . Experimental limits from the Belle and BaBar experiments at the flavour factories are currently the most stringent, requiring the branching ratio for the τ ∓ → µ ± µ ∓ µ ∓ decay to be less than 2.1 × 10 −8 at 90% C.L. Similar exclusion limits are obtained for the τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± modes. A recent search from the LHCb experiment produced a competitive constraint for the τ ∓ → µ ± µ ∓ µ ∓ decay, with the limit a factor of two larger than the constraints from Belle, BR(τ ∓ → µ ± µ ∓ µ ∓ ) ≤ 4.6 × 10 −8 at 90% C.L. The recent bound from ATLAS is one order of magnitude smaller, though current and future 13 TeV data sets from ATLAS and CMS can significantly extend this sensitivity to BR(τ ∓ → µ ± µ ∓ µ ∓ ) ∼ 10 −9 . The Belle-II experiment and a possible future circular collider will be sensitive to even lower branching ratios, ∼ 10 −10 and ∼ 10 −12 , respectively.
In this work we analyse LFV in the τ sector, focusing on the decay modes τ ∓ → µ ± µ ∓ µ ∓ , τ ∓ → e ± µ ∓ µ ∓ , and τ ∓ → e ∓ µ ∓ µ ± . We consider the potential of both e + e − and hadron colliders, including future circular colliders, in searching for LFV in τ lepton decays.
Using the expected constraints we derive the sensitivity reach for three BSM models: the Type-II Seesaw Model, the LRSM, and the MSSM.
The rest of the paper is organised as follows: In Sec. 2, we discuss current and future limits from flavour factories and high-energy colliders on rare flavour violating τ decays. In Sec. 3, we test popular and widely studied extensions of the SM, such as the Type-II Seesaw Model, the LRSM and the MSSM, using the limits collected in Sec. 2. While the Type-II Seesaw Model and the LRSM induce tree-level LFV interactions, LFV processes are generically loop suppressed in the MSSM. Nonetheless, particularly for the former two models [37] [38] [39] [40] [41] but also for the MSSM [42] [43] [44] , LFV has become a litmus test, excluding large areas of the parameter space. Finally, in Sec. 4, we present our conclusions.
Experimental limits
We review present and future collider constraints on the processes τ ∓ → µ ± µ ∓ µ ∓ , τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± . Limits on τ lepton decays to three charged leptons have been obtained at both e + e − and hadron colliders, with the B-factories currently giving the most stringent limits. However, the data from the LHC run at √ s = 13 TeV could result in stronger τ ∓ → µ ± µ ∓ µ ∓ limits than those from B-factories. In the long run, the upgraded KEKB e + e − collider and a potential future circular e + e − collider are expected to provide the greatest sensitivity to these processes.
Current limits
The Belle and BaBar experiments probe the six possible combinations of τ lepton decays to three charged leptons using e + e − integrated luminosities of 782 fb −1 [45] and 468 fb −1 [46] , respectively, representing nearly the complete available data sets. The τ + τ − cross section is 0.919 nb, giving 720 (430) million τ lepton pairs in the Belle (BaBar) data set. Events are selected at Belle by requiring one identified τ lepton decay (the "tag" τ lepton) and searching for a lepton flavour violating τ lepton decay (the "signal" τ lepton). The background is very low after a basic selection and is primarily due to τ + τ − production or quark-antiquark production with misidentified leptons for the τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ searches. For the τ ∓ → e ∓ µ ∓ µ ± decay the main contribution is γγ → µ + µ − with a scattered electron. In the τ ∓ → µ ± µ ∓ µ ∓ case, an additional background rejection is applied using the missing momentum and missing mass-squared in the event. This decreases the efficiency of the selection to 7.6% (the efficiency of the τ ∓ → e ± µ ∓ µ ∓ selection is 10.1%). The expected background, estimated from data, is 0.02 − 0.13 events. No events are observed and the 90% C.L. upper limits on the branching fractions are 2.1 × 10 −8 , 1.7 × 10 −8 , and 2.7 × 10 −8 for τ ∓ → µ ± µ ∓ µ ∓ , τ ∓ → e ± µ ∓ µ ∓ , and τ ∓ → e ∓ µ ∓ µ ± respectively. The corresponding limits from BaBar are 3.3 × 10 −8 , 2.6 × 10 −8 , and 3.2 × 10 −8 .
The LHCb experiment has searched for τ ∓ → µ ± µ ∓ µ ∓ in 3 fb −1 of pp collision data at centre-of-mass energies of 7 and 8 TeV [47] . The production of τ leptons at the LHC occurs predominantly through the decays of heavy quarks, with an inclusive cross section of approximately 85 µb. The τ lepton yield is normalised using the D s → φ(µµ)π decay, the relative branching fractions for D s → φ(µµ)π and D s → τ ν, and the fraction of τ leptons that are produced via D s → τ ν. Backgrounds from D s → η(µµγ)µν decays motivate a fit of the three-muon mass distribution in 30 (35) bins of particle-identification and geometricevent classifiers in √ s = 7 (8) TeV data. The fit describes the background as an exponential distribution in the mass range (1600−1950) MeV, excluding the signal window of ±30 MeV around the τ lepton mass. The observed yields in the signal region are consistent with the background and range from 0 to 39 events, with the highest yields present in bins of the particle identification classifier where the misidentification backgrounds D (s) → Kππ and D (s) → πππ are significant. These bins are excluded when deriving the 90% C.L. upper limit of 4.6 × 10 −8 on the branching fraction for τ ∓ → µ ± µ ∓ µ ∓ . Finally, the ATLAS experiment has searched for τ ∓ → µ ± µ ∓ µ ∓ decays using 8 TeV pp collision data corresponding to an integrated luminosity of 20.3 fb −1 [48] . The search selects candidate W boson decays using the missing transverse momentum (p miss T ) and the transverse mass m T = 2p τ T p miss T (1 − cos ∆φ), where ∆φ is the angle between p τ T and p miss T . Candidate lepton flavour violating decays are defined as those with three muons within 1 GeV of the mass of the τ lepton, and a loose selection is applied based on kine- matics and displacement of the three-muon vertex relative to the collision point. The large multi-jet background is then removed using a boosted decision tree (BDT) and requiring the three-muon mass to be within ±64 MeV of the τ lepton mass. The optimal BDT selection leaves 0.2 expected background events with an efficiency of 2.3%. No events are observed, leading to a 90% C.L. upper limit of 3.8 × 10 −7 on the branching fraction.
Future limits
Projections of the current analyses are complicated by the prevalence of misidentification backgrounds, which typically require data to model. A conservative estimate scales the background yield by the projected increase in luminosity and cross section. However, further optimisation of the analyses incorporating upgrades to the detectors could improve these results. As an optimistic estimate the background is kept at the current level with a modest 10% loss of acceptance. An ongoing upgrade to the KEK accelerator and the Belle detector (Belle-II) will ultimately yield a factor of 50 increase in integrated luminosity, with data taking set to begin in 2017. A conservative estimate of the expected τ ∓ → µ ± µ ∓ µ ∓ sensitivity can be made by simply scaling the background from 0.13 to 6.5 events and assuming no change in the reconstruction efficiency. This leads to an expected upper limit of 1.0 × 10 −9 on the branching fraction (equal to the projected limit from the experiment [49] ). Including a more optimistic projection, the ranges of expected limits are (4.7−10)×10 −10 , (3.6−4.7)×10 −10 , and (5.9 − 12) × 10 −10 on the branching fractions for
The upgrade of the LHC accelerator and the LHCb detector will produce a data sample corresponding to an integrated luminosity of 50 fb −1 [50] at a centre-of-mass energy of 13 TeV. Taking the ratio of 13 TeV to 7 TeV heavy-quark production cross section to be 1.8 [51] [52] [53] [54] , the τ lepton yield will increase by approximately a factor of 30. Taking into account the higher background cross section, a conservative estimate of the expected limit is 1.1 × 10 −8 . A more optimistic estimate assuming the background can be reduced to its current level gives a 90% C.L. upper limit of 1.5 × 10 −9 on the τ ∓ → µ ± µ ∓ µ ∓ branching fraction.
The ATLAS sensitivity to the high-luminosity LHC will be affected by a high number of overlapping interactions, potentially leading to lower neutrino momentum resolution and lower trigger efficiencies. Assuming the current performance is approximately achieved through detector upgrade and analysis improvements, the expected τ lepton yields can be scaled to 3 ab −1 with a factor of 1.6 increase in cross section [55, 56] . Assuming an equal scaling for the background gives 46 expected background events and a 90% C.L. of 8.1 × 10 −9 . In the most optimistic scenario, where the background is suppressed to its current level with a modest 10% efficiency loss, the expected 90% C.L. on the τ ∓ → µ ± µ ∓ µ ∓ branching fraction is 1.8 × 10 −9 .
A future circular collider (FCC) [57] could further improve sensitivity to these processes. A proton-proton collider with √ s = 100 TeV would have ∼ 7 times the cross section for W and Z boson production than the LHC [58] . Assuming a detector with equivalent sensitivity to ATLAS, projecting the conservative and optimistic limits to 3 ab −1 of integrated luminosity of a 100 TeV collider gives a range of (3 − 30) × 10 −10 for the 90% C.L. on the τ ∓ → µ ± µ ∓ µ ∓ branching fraction. Better sensitivity could be achieved by an e + e − collider producing 55 ab −1 of integrated luminosity on the Z resonance at four interaction points [59] . Such a collider would produce a total of ∼ 6 × 10 11 τ leptons, and a typical detector could identify rare decays with a high efficiency and low background. Taking an efficiency of (40 − 80)% and the background to be negligible, 90% C.L. upper limits would range from (5 − 10) × 10 −12 on the branching fractions for all lepton flavour violating τ lepton decays. Given the high potential sensitivity of such a collider, a more careful assessment is warranted.
In summary, the strongest present limits on τ ∓ → µ ± µ ∓ µ ∓ come from Belle and will improve by an order of magnitude to ≤ 10 −9 with the expected 50-fold increase in luminosity from SuperKEKB. Constraints from the LHCb and ATLAS experiments could be within a factor of two of these limits. If CMS can provide similar sensitivity, then the combined hadron collider results could exceed the sensitivity of the e + e − constraints. Further gains are possible at the LHC if decays of heavy-flavour mesons and W and Z bosons can all be used by the experiments. In the short term, with the 2016 and 2017 data the LHC experiments could overtake the current Belle and BaBar limits. In the far
future, a circular e + e − collider with a centre-of-mass energy on the Z resonance could further improve constraints by two orders of magnitude. Table 1 summarises the current and projected limits on the τ ∓ → µ ± µ ∓ µ ∓ branching fraction, and Table 2 shows the equivalent limits for τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± .
Standard Model extensions with lepton flavour violating interactions
Following the effective field theory (EFT) approach, lepton flavour violating interactions l i → l j l k l l can be induced via the dimension-6 operatorsÔ 6 = c ijkl l i l j l k l l /Λ 2 . These LFV operators are generated from the high-scale BSM theories once the heavy particles of the BSM theory are integrated out. As the prototype examples, in the following subsections we consider three BSM extensions: the Type-II Seesaw Model, the Left-Right Symmetric Model and the Minimal Supersymmetric Standard Model. It is worth noting that the chosen seesaw models can generate large LFV rates l i → l j l k l l at tree-level and hence can be highly constrained by the present and future LFV searches. For the MSSM, large flavour violation arises at a loop-induced level. An example Feynman diagram for the process τ ∓ → µ ± µ ∓ µ ∓ for each model is shown in Fig. 1 . For the computations of the branching ratios in the Type-II Seesaw Model and the LRSM, we use the program MadGraph5 aMC@NLO [60] with the model files generated by FeynRules [61] . For the loop-induced decays in the MSSM, we use the spectrum generator SPheno [62, 63] , with the source code for the flavour observables produced by SARAH [64] . We note that the BSM particles that produce this indirect signature could also be directly produced at colliders. For a recent discussion on the collider studies of the seesaw models, see .
Type-II Seesaw Model
The model consists of the SM Higgs doublet Φ supplemented by an additional Higgs triplet ∆ with hypercharge Y = +2,
The neutral component ∆ 0 has the vacuum expectation value (vev) v ∆ , and generates the Majorana masses of the light neutrinos M ν . The interaction of ∆ with the two lepton doublets is given by,
Here, c denotes the charge conjugation transformationΦ = iσ 2 Φ * , while Y ∆ is the Yukawa matrix. The light neutrino mass matrix is proportional to the vev v ∆ , with
where the triplet vev
, and v Φ is the electroweak vev. We note that an equivalent description of the Type-II seesaw is with the triplet Higgs field ∆ that gets integrated out and generates the dimension-5 operator
The Yukawa Lagrangian generates the following interaction terms between the doubly charged Higgs field ∆ ++ and the pairs of leptons (µ, τ ) and (µ, µ):
In addition to the Yukawa Lagrangian, the Higgs triplet ∆ interacts with the SM Higgs and gauge bosons through the scalar potential and the kinetic Lagrangian. For a complete description of the scalar potential and the other interactions, see [88] . The trilinear interaction of the ∆ with the SM Higgs doublet is governed by the following Lagrangian:
The Higgs triplet ∆ carries lepton number +2. The simultaneous presence of Y ∆ and µ ∆ gives rise to lepton number violation in this model, while the off-diagonal elements in Y ∆ give rise to flavour violation. The interaction of the doubly charged Higgs with the two charged leptons gives rise to the lepton flavour violating Higgs decays l i → l j l k l l . The partial decay width for τ ∓ → µ ± µ ∓ µ ∓ is given by [89] , 6) where the coefficient C τ µµµ has the following form:
where m ∆ ±± is the mass of the doubly charged Higgs and is given by,
In the above, λ 3,4 are the couplings of the potential [74, 88] , and v Φ is the vev of Φ. The LFV rates for the process τ ∓ → e ± µ ∓ µ ∓ can be obtained by replacing M ν (µ, τ ) with M ν (e, τ ) in
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(conservative projected limits) Eq. (3.6). For detailed discussions on the LFV decays with the other bounds, see [90] [91] [92] [93] .
Other LFV processes, such as µ ∓ → e ± e ∓ e ∓ , depend on a different combination of Yukawa couplings and can be suppressed for a large range of neutrino oscillation parameters and phases while still allowing for sizeable LFV τ lepton branching ratios. This was discussed in detail in [90] , for both hierarchical and quasi-degenerate neutrino masses, where branching ratios of as large as 10 −8 for τ ∓ → µ ± µ ∓ µ ∓ were obtained, while still being consistent with the other bounds. Here we focus on the bounds derived from the LFV τ lepton decays, independent of other constraints. At the end of this subsection, we will give a brief discussion of the consistency of our results with the other bounds when allowing for variations of the neutrino oscillation parameters and phases. Fig. 2 shows the current and future branching ratio limits in the plane of the parameters µ ∆ and v ∆ , for the two processes τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ respectively. We fix the neutrino masses and oscillation parameters to their best-fit values [94, 95] with the lightest neutrino mass at 0.1 eV, and take the PMNS phase to be zero. The solid black lines represent constant values of the doubly charged Higgs mass across the parameter plane. The dark green regions show the parameter space restricted by the current limits, while the pale green regions show the exclusions that can be obtained by projections of current experiments. Furthermore, the pale blue regions show the restrictions from the future circular colliders FCC-hh and FCC-ee, while the white region is the part of the parameter space that will be allowed by the FCC-ee limit. For the projected limits we show the lower values of the limit ranges in Figs. 2a and 2b, corresponding to the best possible sensitivity for each experiment. In Figs. 2c and 2d , we instead show the most conservative estimates for the limits. All other parameter plots in this paper will follow the same scheme for the region colours, and will use the lower values of the limit ranges.
In Fig. 2 , we choose a small v ∆ range, (10 −11 − 10 −9 ) GeV, that can naturally explain the small neutrino masses m ν ∼ (0.01 − 0.1) eV, with O(1) coupling. For a moderate v ∆ = 10 −10 GeV, and with the neutrino mass m ν ∼ 0.1 eV, the present constraints on µ ∆ and the doubly charged Higgs mass coming from Belle are µ ∆ ≥ 7.8 × 10 −9 GeV and m ∆ ±± ≥ 1.8 TeV, using the τ ∓ → µ ± µ ∓ µ ∓ decay. The future experiments Belle-II and FCC-ee could constrain the doubly charged Higgs mass up to m ∆ ±± ≥ 4.6 TeV and 14.5 TeV with µ ∆ ≥ 5.0 × 10 −8 GeV and 4.9 × 10 −7 GeV, respectively.
The neutrino mass matrix M ν is diagonalised by the PMNS mixing matrix,
where M d is the diagonal neutrino mass matrix M d = diag(m 1 , m 2 , m 3 ), and the PMNS mixing matrix U P has the following form:
In Fig. 3 , we allow for a non-zero PMNS phase δ in the range 0 − 2π, and investigate the effect of varying δ along with the neutrino oscillation parameter θ 12 on the two decay processes, while fixing the other oscillation parameters to their best-fit values and the lightest neutrino mass to m 1 = 0.1 eV. The dark vertical shaded bands show the region of the parameter space allowed by the current 3σ limits on θ 12 . For the τ ∓ → µ ± µ ∓ µ ∓ decay, we consider µ ∆ = 1.5 × 10 −7 GeV and v ∆ = 10 −10 GeV, resulting in m ∆ ±± = 8.0 TeV. In the case of τ ∓ → e ± µ ∓ µ ∓ , we use an increased µ ∆ = 2.5 × 10 −7 GeV and v ∆ = 10 −10 GeV, giving m ∆ ±± = 10.3 TeV. The Belle-II experiment could rule out δ in the ranges 1.1 − 2.0 and 4.2 − 5.1, while experiments at the FCC-ee could exclude all values of δ for these choices of µ ∆ and v ∆ . We find similar constraints when using the θ 23 − δ contours instead, which we do not show here.
We conclude this subsection by justifying our approach of only considering limits from the LFV τ lepton decays. The current bound on the branching fraction for µ ∓ → e ± e ∓ e ∓ is BR(µ ∓ → e ± e ∓ e ∓ ) ≤ 10 −12 [27] . This tight bound from µ ∓ → e ± e ∓ e ∓ imposes stronger limits in the plane of µ ∆ and v ∆ than those arising from the τ lepton decays, shown in Fig. 2 . However, when varying the neutrino oscillation parameters and phases within experimental bounds, it is possible to suppress the branching fraction of µ ∓ → e ± e ∓ e ∓ while leaving that of τ → µµ essentially unchanged. We can consider the oscillation effects by defining the ratio,
and varying all the oscillation parameters and phases within their allowed 3σ ranges. For quasi-degenerate neutrino masses with an inverted hierarchy spectrum, and with m 3 = 0.1 eV, we find that R can be as large as 10 6 , due to cancellations in the neutrino mass matrix M ν , which is calculated via Eq. (3.9). Such regions of the parameter space suppress the branching ratio of µ ∓ → e ± e ∓ e ∓ enough so that the strongest limits on µ ∆ and v ∆ arise from the LFV τ lepton decays, which can remain largely unaffected. Therefore, Fig. 2 qualitatively demonstrates the constraints that can be obtained in regions where the LFV τ lepton decays provide the dominant source of all LFV decays.
Left-Right Symmetric Model
The minimal Left-Right Symmetric Model is based on the gauge group [16] [17] [18] [19] . The fermions are assigned in the doublet representations of SU (2) L and SU (2) R . In addition to the particle content of the Standard Model, the model contains three right-handed Majorana neutrinos N R paired with the charged leptons l R , and the additional gauge bosons W R and Z . The Higgs fields correspond to a bi-doublet Φ and two Higgs triplets ∆ L and ∆ R with the following quantum numbers under the gauge group: Φ(1, 2, 2, 0), ∆ L (1, 3, 1, 2) and ∆ R (1, 1, 3, 2) . The Higgs triplet ∆ R takes the vacuum expectation value v R and spontaneously breaks SU (2) R × U (1) B−L down to the group U (1) Y of the SM. This generates the masses of the W R and Z gauge bosons and the masses of the right-handed neutrinos. The neutral components of the bi-doublet field Φ also acquire a vev, which is denoted as Φ = diag(κ 1 , κ 2 )/ √ 2, and this breaks the electroweak symmetry down to U (1) Q , giving masses to the quarks and leptons.
The Higgs triplet ∆ R couples to the right-handed neutrinos N R and generates the Majorana masses of the heavy neutrinos during the symmetry breaking. The light neutrino masses are generated as a sum of two seesaw contributions, one suppressed by the righthanded neutrino mass (Type-I) [1] [2] [3] [4] [5] and the other suppressed by the Higgs triplet mass (Type-II) [6, 7] . The different vevs of the bi-doublets and triplets follow the hierarchy v L κ 1,2 v R . Below, we discuss the different neutrino masses and the Higgs sector of the LRSM in detail, and their contribution to the tree-level LFV processes τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ .
Neutrino mass
The Yukawa Lagrangian in the lepton sector has the following form:
where C is the charge-conjugation matrix, C = iγ 2 γ 0 , andΦ = τ 2 Φ * τ 2 , with τ 2 being the second Pauli matrix. Furthermore, h,h, f L and f R are the Yukawa couplings. After symmetry breaking, the Yukawa Lagrangian generates the neutrino mass matrix,
In the seesaw approximation, this leads to the following light and heavy neutrino mass matrices (up to O(M −1 R )) [96] :
and
where
The mass matrix given in Eq. (3.13) can be diagonalised by a 6×6 unitary matrix as follows: m N 6 ). In the subsequent analysis, we denote the mixing matrix as,
The Yukawa interaction of the doubly charged Higgs with the two charged leptons that mediates the LFV processes τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ is given by,
We note that imposing the discrete parity or charge conjugation as a symmetry along with
, and a hermitian or symmetric M D , respectively. As we will show in the next subsection, among the two Higgs triplets δ ±± L and δ ±± R , the right-handed triplet gives the dominant contribution to the tree-level flavour violating processes due to our choice of Higgs masses. Hence, the dominant contribution in the Lagrangian can be approximated as,
where V R is the diagonalising matrix for the heavy neutrino mass matrix M R , V T R M R V R = M R , and V ∼ V R [96] . A detailed discussion on LFV for this model for all other modes can be found in [38, 41] .
Higgs mass
We now discuss the scalar potential and Higgs spectrum in detail. The LRSM consists of the two scalar triplets and one bi-doublet field, that after left-right and electroweak symmetry breaking leads to fourteen physical Higgs states. Among them, a few of the neutral Higgs bosons are required to be heavier than several tens of TeV and do not contribute to the tree-level LFV processes. We follow a simplified approach by judiciously choosing the parameter space, where the doubly charged Higgs arising from ∆ R is lighter than the other BSM Higgs states, and hence gives the dominant contribution in the tree-level LFV processes.
The scalar potential for the LRSM has the following form [97] [98] [99] :
The model contains 14 physical Higgs states denoted as h, 
We note that the scalar states H 0 1 and H 0 3 interact with both the up and down quark sectors and hence mediate the ∆F = 2 flavour transitions in the neutral K and B mesons [100] [101] [102] [103] . To avoid the flavour-changing neutral Higgs (FCNH) constraints, the neutral Higgs states H 0 1 , H 0 3 and A 0 1,2 are required to be heavier than 20 TeV [100] [101] [102] [103] . We also consider the other neutral Higgs state H 0 2 to be heavy in order to be in agreement with the heavy Higgs searches at the LHC. In the Higgs spectrum, we consider the case where the right-handed doubly charged Higgs boson is somewhat lighter than the other BSM Higgs states and hence significantly contributes to the LFV processes. We consider the following two benchmark scenarios, BP1 and BP2, with a lower and a higher symmetry breaking scale v R respectively:
• BP2: α 3 = 1.00 , v R = 30.00 TeV . Mδ±± R = 5000 GeV For both of the benchmark scenarios, we consider the right-handed mixing matrix V R to be non-diagonal with unit entries everywhere. In order for v R to be less than 10 TeV, the FCNH constraints on the neutral Higgs bosons necessarily require α 3 to be large (α 3 ∼ 8).
Conversely, when α 3 is well within the perturbative limit, the FCNH constraints on the neutral Higgs bosons demand a large value of the symmetry breaking scale v R [103] . In our analysis we consider the two possibilities, both the large and the natural α 3 , and show the restrictions that can be obtained on the heavy neutrino masses and the ρ 2 parameter.
Limits from the LFV branching ratios
The two doubly charged Higgs states δ ±± L and δ ±± R mediate the τ → l i l j l k process at treelevel. The amplitude for the LFV process τ ∓ → µ ± µ ∓ µ ∓ is proportional to the coefficient C τ µµµ , which is defined as,
, the dominant contribution arises due to δ ±± R ,
The amplitude for the LFV process τ ∓ → e ± µ ∓ µ ∓ can be obtained by replacing the τ µ element in Eq. (3.23) with the τ e element. A limit on the branching ratio of the flavour violating decays will constrain the doubly charged Higgs mass from below and the righthanded neutrino mass from above. In Fig. 4 , corresponding to BP1, we show the branching ratio limits for the case where the three right-handed neutrino masses are all equal and denoted by m N , and are varied along with the parameter ρ 2 . In Fig. 5 , we show the equivalent plots for BP2. For BP1, the current limit from Belle imposes the constraint on the right-handed neutrino masses m N ≤ 290 GeV for the doubly charged Higgs mass M δ ±± R = 420 GeV for the τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ decays. This M δ ±± R mass is the lower limit set by the 13 TeV ATLAS search for the right-handed triplet [65] . For BP2, with a higher value of the symmetry breaking scale v R , the mass limits are much higher: m N 10 TeV for the doubly charged Higgs mass M δ ±± R = 8 TeV. For both of the scenarios, a future circular collider will be able to probe much smaller values of m N .
In Fig. 6 , we consider the scenario of non-degenerate right-handed neutrino masses m N 4,5,6 . We show the branching ratio limits in the plane of the right-handed neutrino masses m N 4 and m N 5 for the case of BP1, while fixing m N 6 = 100 GeV and the doubly charged Higgs mass M δ ±± R = 4 TeV. The present stringent limit from Belle constrains both of the m N 4 and m N 5 masses to be smaller than ∼ 1 TeV, while the FCC-ee could probe these masses down to ∼ 100 GeV.
In our analysis, we considered the possibilities of both a lower and a higher symmetry breaking scale v R . While a lower symmetry breaking scale and a right-handed gauge boson with mass M W R (5 − 6) TeV is within the reach of the 13 TeV LHC, a higher symmetry breaking scale, such as that in BP2, along with a much heavier W R could be probed at a 100 TeV future circular collider [83, 99] . In [99, 104] , the impact of renormalisation group . This cannot be directly produced at the LHC, but instead can be tested through indirect detection. Conversely, for a larger symmetry breaking scale with M W R ∼ (20 − 30) TeV the bounds on ρ 2 are relaxed. In our discussion, we do not specify any particular mass of the other Higgs states and the cut-off scale of the theory. Instead, we independently analyse the implication of the branching ratio limits for the flavour violating processes τ ∓ → µ ± µ ∓ µ ∓ and τ ∓ → e ± µ ∓ µ ∓ on the relevant model parameter ρ 2 and the doubly charged Higgs mass M δ ±± R .
Minimal Supersymmetric Standard Model
Within the MSSM the soft supersymmetry breaking parameters in the slepton sector are a generic source of lepton flavour violation. Without assuming a specific SUSY breaking mechanism that ensures a suppression of off-diagonal terms in the slepton mass matrix, their presence can induce a misalignment in flavour space between the lepton and slepton mass matrices, which cannot be rotated away.
The non-diagonal hermitian 6 × 6 slepton mass matrix receives contributions from D, F , A and M terms [22] , where the latter two can induce mixing between different slepton generations. In the electroweak interaction basis (ẽ L ,μ L ,τ L ,ẽ R ,μ R ,τ R ), the slepton mass matrix has the following form: 
In these equations the indices i, j ∈ {1, 2, 3} denote the three generations, m l i are the lepton masses, θ W is the weak mixing angle, m Z is the Z boson mass, tan β = v 2 /v 1 with v 1 = H 1 and v 2 = H 2 being the two vacuum expectation values of the corresponding SU (2) Higgs doublets, and µ is the Higgsino mass term. Here, δ ij is the Kronecker delta symbol. The flavour violating terms in the LL and RR mixing matrices correspond to off-diagonal terms in the soft masses m 2
L ij
and m 2Ẽ ij , respectively. Within the MSSM the sneutrino mass matrix has a one-block 3 × 3 form denoted as M 2 ν , where in the electroweak basis (ν eL ,ν µL ,ν τ L ),
To parametrise the off-diagonal entries, we introduce the dimensionless real parameters, , m and A l ij can induce flavour-changing neutral current interactions, such as that between a lepton, slepton and neutralino, as shown in the Feynman diagram in Fig. 1c .
To numerically compute the impact of the present and future LFV constraints on the flavour violating parameters δ LL ij and δ RR ij , we work with the following benchmark point for the MSSM parameters that provides a particle spectrum in agreement with the present collider limits:
We do not specify squark supersymmetry breaking parameters here, as their values are not relevant for the processes we calculate. While searches for squarks and gluinos by ATLAS [105, 106] and CMS [107, 108] have pushed their respective mass limits to already rather large values, limits for slepton masses are still fairly weak [26] . Direct slepton pair production requires the exchange of electroweak gauge bosons and is thus strongly suppressed compared to squark or gluino pair production at hadron colliders. Hence, assuming LFV is realised in nature, much stronger limits on the slepton masses can be obtained indirectly by measuring rare flavour violating lepton decays.
In Figs. 7a and 7b , we show present and future constraints on the pair (δ LL 23 , δ RR 23 ) from the process τ ∓ → µ ∓ µ ∓ µ ± , and the pair (δ LL 13 , δ RR 13 ) from the process τ ∓ → e ∓ µ ∓ µ ± , respectively. In analogy with the squark sector [109] , we find that the δ RR 13 and δ RR 23 parameters are much less constrained than their LL counterparts. This is because the processes are mediated by flavour violating neutralino interactions. In the gauge-interaction basis, the exchanged particles are the bino (B), wino (W 0 ) or Higgsino (H i ) particles. Thẽ H i − l R −l L interactions are proportional to the lepton's Yukawa coupling y l and are thus subleading, whileB − l R/L −l R/L andW 0 − l L −l L interactions occur with the strength of their associated gauge couplings. Therefore, the branching ratios τ ∓ → µ ∓ µ ∓ µ ± and τ ∓ → e ∓ µ ∓ µ ± are amplified for a light wino-type neutralino, i.e. small M 2 , and large δ LL ij . In Fig. 8 , we show the LFV branching ratio limits where the soft slepton mass scale is allowed to vary along with a single mixing parameter. We vary the slepton mass scale over a wide range. For slepton masses at the current lower bound from direct searches (∼ 100 GeV) future experiments could place very strong constraints on LFV parameters. Since the slepton masses are large when the soft slepton mass scales mL i = mẼ j are large, their contribution to LFV processes decouples and the sensitivity to the mixing parameters is reduced. 
Conclusions
The experimental observation of lepton flavour violation would unambiguously serve as striking evidence for BSM physics, since in the SM lepton flavour violation is absent to all orders in perturbation theory. A plethora of the ongoing and near future experiments are likely to improve their sensitivity in the τ sector and will probe branching ratios at the level of O(10 −10 − 10 −12 ).
In this work we analyse the flavour violation in the τ sector, with a particular focus on the decays τ ∓ → µ ± µ ∓ µ ∓ , τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± that can arise in various BSM models either at tree-level or with a loop suppression. We review the existing bounds on the branching ratio limits from Belle, BaBar and the LHC, and summarise the future sensitivity that these could achieve. We also discuss the limits that future circular colliders could reach. In the context of these limits, we provide an analysis of the parameter space that can be restricted in three BSM models that have lepton flavour violating interactions. Our findings are:
• The most stringent limit on the τ ∓ → µ ± µ ∓ µ ∓ decay is given by the Belle experiment, with an upper limit on the branching fraction equal to 2.1 × 10 −8 at 90% C.L. The LHCb experiment has produced an exclusion limit about two times larger. In the near future the Belle-II experiment will extend sensitivity down to a branching fraction of 4.7 × 10 −10 . Although the present limit from ATLAS is an order of magnitude larger than the limit from Belle, the existing and upcoming 13 TeV data sets provide an opportunity for all of the LHC experiments to achieve better sensitivity than Belle. These experiments could produce the strongest limits for several years, until the Belle-II experiment analyses its full data set. The future circular collider FCC-ee could further improve the limits down to 5 × 10 −12 , an improvement of almost four orders of magnitude compared to the present bounds. For the τ ∓ → e ± µ ∓ µ ∓ and τ ∓ → e ∓ µ ∓ µ ± decays, a similar improvement on the present bounds can be achieved.
• For the Type-II Seesaw Model with a small triplet vev v ∆ in the range (10 −11 − 10 −9 ) GeV that naturally explains the (0.01 − 1) eV light neutrino mass with O(1) Yukawa coupling Y ∆ , the model parameter µ ∆ is presently constrained as µ ∆ ≥ (2×10 −9 −7× 10 −8 ) GeV. The future circular collider FCC-ee could provide improved constraints on µ ∆ by almost two orders of magnitude. Constraints on the Dirac CP violating phase δ of the PMNS mixing matrix could be obtained by the Belle-II experiment in regions around π/2 and 3π/2 for a quasi-degenerate neutrino spectrum with the oscillation angles equal to their best-fit values.
• For the LRSM we consider two extreme regimes, with a lower and higher value of the symmetry breaking scale v R respectively. For the first benchmark point BP1, we consider a somewhat lower v R = 8 TeV and a large α 3 ∼ O(10), and for BP2, we consider a larger v R = 30 TeV with a smaller α 3 ∼ O(1), which is well within the perturbative regime. In BP1, and for a doubly charged Higgs mass M δ ±± R = 800 GeV, we find that the right-handed neutrino masses m N ≤ 290 GeV are in agreement with the present stringent limit from Belle. The future limits from LHCb and Belle-II will further constrain the right-handed neutrino masses down to the m N ≤ 100 GeV mass range. Further improvements at the future circular colliders will allow for tighter constraints on the ρ 2 parameter and the doubly charged Higgs mass M δ ±± R to be obtained.
• Finally, for the MSSM, we explore the present and future constraints on the dimensionless LFV parameters δ LL 13 , δ LL 23 (and their RR equivalents) and the soft slepton masses from the τ ∓ → µ ∓ µ ∓ µ ± and τ ∓ → e ± µ ∓ µ ∓ decays. We find that δ LL 13 and δ LL 23 are at present bounded by Belle to |δ LL 13,23 | 0.9 for the benchmark scenario we chose. The future constraints from existing colliders will improve the limits to ∼ 0.2, while an FCC-ee collider could further constrain this parameter to as low as 0.03.
